Using Gottschalk's notion -weakly locally almost periodic point, we show in this paper that if f : X → X is a minimal continuous transformation of a compact Hausdorff space X to itself, then for all entourage ε of X,
If ( f, X) is minimal and if µ is an ergodic Borel probability measure of ( f, X), then by the classical Birkhoff ergodic theorem [10] it follows that for all y ∈ X and ε ∈ U X , However, this "µ-a.e." does not imply the desired conclusion that BD * ( f, x, ε) > 0 uniformly for x ∈ X. In this short paper, by using Gottschalk's notion -"weakly locally almost periodic" point of transformation semigroup (cf. Definition 2.3 in §2), we will be able to show that if ( f, X) is a minimal cascade, then for all ε ∈ U X there follows BD * ( f, x, ε) > 0 uniformly for x ∈ X; see Theorem 3.1 proved in §3. Moreover, this assertion also holds for all minimal continuoustime C 0 -semiflow; see Theorem 3.3 below. Finally in §4, we will consider this question for any minimal flow with discrete amenable phase group; see Theorem 4.4.
Weakly locally almost periodic points of any semiflow
Let X be a compact T 2 -space and by N x we will mean the filter of neighborhoods of x in X. Let T be a multiplicative topological semigroup with an identity e and by K T it means the collection of non-empty compact subsets of T . When T is discrete, each K ∈ K T is finite.
As usual, a semiflow or transformation semigroup is understood as a pair (T, X) where T is called the phase semigroup and X the phase space such that (t, x) → tx of T × X to X is jointly continuous with ex = x and t(sx) = (ts)x for all x ∈ X and s, t ∈ T .
In §3 we will be mainly interested to the classical cases of T = (Z + , +) and T = (R + , +) with the usual topologies, and in §4 we will consider transformation groups with discrete amenable phase groups.
First of all we need to introduce in this section some basic notions and results for our later discussion.
Definition 2.1 (cf. [6, 3] 
2. An x ∈ X is referred to as an almost periodic (a.p.) point of (T, X) if
is syndetic in T . Equivalently, x ∈ X is an a.p. point if and only if T x is a minimal set of (T, X).
Since T does not need to be abelian here, 'Kt ∩ A ∅' is not permitted to be replaced by 'tK ∩ A ∅' in Definition 2.1. [7] for T in groups). Let (T, X) be any semiflow and let x ∈ X. Then:
(1) x is called a weakly locally almost periodic (w.l.a.p.) point of (T, X) if given U ∈ N x there exist a V ∈ N x , a syndetic subset A of T and a K ∈ K T such that for all x ′ ∈ V there is a subset B of T such that Kt ∩ B ∅ ∀t ∈ A and Bx ′ ⊆ U.
(T, X) is called w.l.a.p. if it is weakly locally almost periodic at every point x of X.
(2) If here B is just independent of x ′ ∈ V in (1), then x is called a locally almost periodic (l.a.p.) point of (T, X); that is, for each U ∈ N x there exist a V ∈ N x and a syndetic set B in T such that BV ⊆ U.
Clearly, any l.a.p. point is a w.l.a.p. point; but the w.l.a.p. is actually weaker than the l.a.p., see Theorem 2.6 and Example 2.15 below.
There are two simple equivalent descriptions of w.l.a.p. point of any semiflow as follows, which are very useful for our main results. (1) x is a w.l.a.p. point of (T, X).
Here
. Let x be a w.l.a.p. point of (T, X) and U ∈ N x . Then there exist a V ∈ N x , a syndetic subset A of T , and a C ∈ K T such that y ∈ V implies that there is a subset B of T with
This thus concludes condition (3) .
(3) ⇒ (1). This is evident for T itself is syndetic in T . Therefore the proof of Lemma 2.4 is completed.
It is known that when T is in groups, l.a.p. is independent of the topology of T (cf., e.g., [9, 2] ). In fact, w.l.a.p. also has this property in groups as follows: Corollary 2.5. Let (T, X) be a flow with phase group T which is not discrete and x ∈ X. Then x is a w.l.a.p. point of (T, X) if and only if x is a w.l.a.p. point of (T, X) with T to be discrete.
Proof. Since any finite subset of T must be a compact subset of T , hence the sufficiency holds trivially. Conversely, let x is w.l.a.p. for (T, X); then we shall show that x is a w.l.a.p. for (T, X) with T discrete. In fact, given any open U ∈ N x let U ′ be a closed neighborhood of x with U ′ ⊂ U. By (2) of Lemma 2.4 there exist a V ∈ N x and a compact subset K of T such that
Then by the compactness of K, we can pick a finite set
By (1) of Definition 2.3, any w.l.a.p. point is an a.p. point. In fact, an a.p. point must be w.l.a.p. restricted to its orbit closure as shown by Theorem 2.6 below. Theorem 2.6 is the important tool for our main results of this paper, which meanwhile shows that the w.l.a.p. is essentially weaker than the l.a.p. property.
Theorem 2.6. Let (T, X) be a minimal semiflow; then each point of X is w.l.a.p. for (T, X).
Proof. Let x ∈ X and U ∈ N x an open neighborhood of x. Since {t −1 U | t ∈ T } is an open cover of X and X is compact, there is a finite set K ⊆ T such that
. Thus x is a w.l.a.p. point of (T, X) by (2) of Lemma 2.4.
Since a minimal flow/semiflow is in general not l.a.p. (cf. [2] ), hence the w.l.a.p. is weaker than the l.a.p. dynamics by Theorem 2.6. Definition 2.7.
1. An x ∈ X is called an accessible point of (T, X), or we say (T, X) is accessible at x, if there exist points y, z ∈ X, y z and a net {t n } in T such that t n (y, z) → (x, x).
(T, X)
is called a distal semiflow if given x, y ∈ X with x y, there is an α ∈ U X such that (tx, ty) α.
Clearly (T, X) is distal if and only if there exist no accessible points of (T, X)
. If a minimal semiflow has an accessible point, then each point is accessible.
Definition 2.8.
1. We say (T, X) is equicontinuous at a point x ∈ X in case given ε ∈ U X there is a δ ∈ U X such that if y ∈ δ[x] then (tx, ty) ∈ ε for all t ∈ X. 2. When (T, X) is equicontinuous at every point of X, (T, X) is called equicontinuous.
Then by Lebesque's covering lemma, (T, X) is equicontinuous if and only if given
The following lemma is an important tool, which is motivated by [7, Lemma 1] .
Lemma 2.9. Let (T, X) be a semiflow with T a discrete semigroup. Suppose that there exists x ∈ X such that (T, X × X) is w.l.a.p. at (x, x) but (T, X) is not equicontinuous at x. Then x is an accessible point of (T, X) and hence (T, X) is not distal.
Proof. Since (T, X) is not equicontinuous at x, there is an ε ∈ U X with T (N × N) ε and then
′ is the complement of ε in X × X. Define two families of subsets of X × X as follows:
Next we will show that F − ∅.
and thus (w, z) is a proximal pair approaching to x for (T, X).
Therefore we have concluded that x is an accessible point of (T, X). Recall that a semiflow (T, X) is said to be surjective if each t ∈ T is a surjective self-map of X. Every minimal semiflow with amenable phase semigroup must be surjective (cf. [3] ).
Let (T, X) be any semiflow with phase semigroup T in the following three lemmas. 
) (T, X) is equicontinuous surjective; (3) (T, X) is l.a.p. distal; (4) (T, X × X) is w.l.a.p. at every point of the diagonal ∆ of X × X and (T, X) is distal.
Note. In fact, (1) ⇔ (2) ⇔ (3) is independent of the choice of the topology of T .
Proof. First of all, (1) ⇔ (2) ⇔ (3) follows from Lemmas 2.11, 2.12 and 2.13; and (3) ⇒ (4) is obvious. Now let (4) hold. Then Lemma 2.9 follows that (T, X) is equicontinuous. Since (T, X) is distal, so it is surjective and thus (2) holds. The proof of Theorem 2.14 is therefore completed.
The l.a.p. implies the diagonalwise product semiflow is w.l.a.p. at the diagonal. However, the following Example 2.15 shows that the w.l.a.p. does not imply this.
Example 2.15. Let α > 0 be an irrational number sufficiently small and let γ n ∞ n=1 be a sequence of rational numbers with γ n → 1 as n → ∞. Let X be the compact subset of the plane defined by
where (r, θ) are polar coordinates of the plane. We consider the homeomorphism τ of X onto itself given by (r, θ) → τ(r, θ) = (r, θ + r) and define T = {τ n | n ∈ Z + }. Clearly
• T acts distally on X; i.e., (T, X) is distal.
To see that T is not equicontinuous acting on X, let r 0 = (1 + α)π and r n = (1 + α + γ n n −1 )π for each n ≥ 1; then (r n , θ) → (r 0 , θ) as n → ∞. But τ 2n (r 0 , θ) = (r 0 , θ + 2n(1 + α)π) and τ 2n (r 2n , θ) = (r 2n , θ + 2n(1 + α)π + γ 2n π) conclude that T is not equicontinuous at any point (r 0 , θ). Thus T is not equicontinuous on X. Further by Theorem 2.14, it follows that
However,
Indeed, it is easy to see that (T, X) is l.a.p. at every point (r, θ) ∈ X with r r 0 . Now given (r 0 , θ) ∈ X and ε > 0, since 1 + α is irrational, we can find a finite subset K of T such that
Since r n → r 0 as n → ∞, we can obtain
as n sufficiently large. Then by Lemma 2.4, it follows that T is w.l.a.p. at the point (r 0 , θ). This proves the conclusion. 5
Uniform recursion frequency of minimal semiflows
Let X be a compact T 2 -space with the uniform structure U X . Given ε ∈ U X , ε 3 will stand for an entourage in U X such that
In this section we will be concerned with the classical semiflows (T, X) with phase semigroup
Proof. Let ε ∈ U X be any given; and then we can take some δ ∈ U X so small that
for all x ∈ X and any y ∈ δ[x]. First by Theorem 2.6, ( f, X) is w.l.a.p. so that by (3) of Lemma 2.4, it follows that for each x ∈ X there exist a δ x ∈ U X with δ x ≤ δ and an integer K x ≥ 1 such that for each y ∈ δ x [x] there is a subset B of Z + with the properties:
Since X is compact, there is a finite subset {x 1 , . . . ,
Therefore, for all x ∈ X, there are some
Since ε ∈ U X and x ∈ X both are arbitrary, this proves Theorem 3.1.
is jointly continuous such that 0 · x = x and (s + t) · x = s · (t · x) for all x ∈ X and s, t ∈ R + , where we have identified each t ∈ R + with the transition π(t, ) : X → X.
To prove the continuous-time version of Theorem 3.1, we will need the following technical lemma.
Lemma 3.2. Let π : R + × X → X be a classical C 0 -semiflow and ε ∈ U X . Then there exist δ ∈ U X and α > 0 such that for any x, y ∈ X and t
Proof. Otherwise, there are x ∈ X and nets y n → x and α n → 0 such that
Let 1 A (x) = 1 if x ∈ A and = 0 if x A be the indicator function of a set A ⊆ X. Then by Lemma 3.2, a light modification of the proof of Theorem 3.1 follows the following theorem:
Minimal flows with discrete amenable phase groups
By a discrete amenable group, it always refers to as a discrete group T with a Haar measure | | (in fact the counting measure), for which it holds the left Følner condition:
• Given K ∈ K T and ε > 0 there exists an F ∈ K T such that |KF △ F| < ε|F|.
is the symmetric difference of sets A, B in T . Any abelian group is amenable.
We will need two lemmas. 
The following technical lemma is essentially contained in the proof of Hindman and Strauss [8, Theorem 4.11].
Lemma 4.2. If {F n | n ∈ D} is a Følner net in a discrete amenable group T , then it satisfies the condition:
Proof. Let H ∈ K T be any given. Since lim n∈D |tF n △F n | |F n | = 0 for all t ∈ T and H is finite, there is some index m H ∈ D such that
Then for all n ≥ m H ,
Lemma 4.3. Let T be a discrete amenable group. If B is a syndetic subset of T such that there exists a K
Proof. First by Lemma 4.2 for H = K and {F n | n ∈ D}, we can pick m K ∈ D such that
.
For this, we define a function τ :
Since T is a group, we can see that for any g, g
Thus τ is 1-1 so that t∈K t −1 F n ≤ |B ∩ F n | · |K|. Therefore,
Let F [T ] be the collection of Følner nets in the discrete amenable group T . Now for any flow (T, X) and for all ε ∈ U X we can define the "Banach lower density" of
Then as a consequence of Theorem 2.6, we can obtain the following uniform positive recursion frequency for minimal flows with amenable phase groups. Proof. Let ε ∈ U X ; and then by (3) of Lemma 2.4, as in the proof of Theorem 3.1, we can find some K ∈ K T such that
for all x ∈ X. Then by Lemma 4.3 for any Følner net {F n | n ∈ D} in T and
This thus completes the proof of Theorem 4.4. . Conversely, assume that BD * (T, x, ε) > 0 for all ε ∈ U X . To show that x is a.p. for (T, X), we first note that for any sets A, B in T , |A △ B| = |At △ Bt| for all t ∈ T . Indeed, for any t ∈ T , g ∈ A △ B ⇔ g ∈ A ∪ B, g A ∩ B ⇔ gt ∈ At ∪ Bt, gt (A ∩ B)t = At ∩ Bt ⇔ gt ∈ At △ Bt so that |A △ B| = |At △ Bt| for all t ∈ T . 8
Let ε ∈ U X be any given. We need to show N T (x, ε[x]) is syndetic in T . Indeed, otherwise, B := T \ N T (x, ε[x]) is "thick" in T in the sense that for all F ∈ K T there is some t ∈ T with Ft ⊆ B.
Now let {F n | n ∈ D} be any Følner net in T . Then for all n ∈ D there is t n ∈ T such that F n t n ⊆ B. Since |t(F n t n ) △ (F n t n )| |F n t n | = |tF n △ F n | |F n | → 0 ∀t ∈ T, {F n t n | n ∈ D} is also a Følner net in T . However, |N T (x, ε[x]) ∩ F n t n | |F n t n | = |∅| |F n t n | = 0 so that BD * (T, x, ε) = 0, a contradiction. Thus N T (x, ε[x]) must be syndetic in T and this shows that x is a.p. for (T, X).
It should be interested to notice that the sufficiency assertion of Theorem 4.5 still holds for all non-discrete amenable group T by the same discussion.
